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Chapter 2

Basic Structures: Sets,
Functions, Sequences, Sums,
and Matrices

2.1 Sets and Functions

Definition 2.1.1.

o Fix an universal set U. Set operations: union U, intersec-
tion N, complement A.

e Set inclusion: A C B iff for all a € A it holds a € B.
A=Biff AC B and B C A.

e Gien a set S, the power set of S is the set of all subsets
of the set S. The power set is denoted by P(S), or 2°.

e The Cartesian product of sets Ay, Ao, ..., A, is defined by:
Ay x - x Ay ={(ay,...,a,) | a; € A; fori=1,...,n}.

e The cardinality of finite set A, denoted by |A|, is the num-
ber of its elements. The principle of inclusion-exclusion:

|AUB| = |A|+|B|—|AN B|
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TABLE 1 Set Identities.

Identity Name

ANU=A Identity laws

AU =A

AUuU=U Domination laws
ANg =49

AUA=A Idempotent laws
ANA=A

(A?] =A Complementation law
AUB=BUA Commutative laws
ANB=EBnNA

AUBUC) =(AUB)UC Associative laws

AN(BNC)=(ANB)NC

AU(BNC)=(AUB)N(AUC) Distributive laws
AN(BUC)=(ANB)U(ANC)

ANB=AUB De Morgan's laws
AUB=ANB

AUANB)=A Absorption laws
AN(AUB)=A

AUA=U Complement laws
ANA=0

Definition 2.1.2. Let A and B be nonempty sets. A function
f: A— B from A to B is an assignment of exactly one element
of B to each element of A. We write f(a) = b if b € B is
assigned by f to the element a € A. We say that



A is the domain of f,

B is the codomain of f.

If f(a) = b, we say that b is the image of a and a is a
preimage of b.

The range, or image, of f is the set of all images of ele-
ments of A.

Definition 2.1.3. Let A and B be two sets. The function
f: A— B is called

e one-to-one, or an injunction, if and only if f(a) = f(b)
implies that a = b for all a and b in the domain of f.

e onto, or a surjection, if and only if for every element b € B
there is an element a € A with f(a) = b.

e one-to-one correspondence, or a bijection, if it s both one-
to-one and onto.

Definition 2.1.4. Let A, B, and C be three sets.

o Let f: A — B be biyective. The inverse function of f,
denoted by =, is the function that assigns to an element
b € B the unique element a € A such that f(a) =b.

e et g: A— B andlet f: B — C. The composition of the
functions f and g, denoted f o g, is defined by

(fog)(a) = f(g(a))

Definition 2.1.5 (Some Notations). Let A and B be two sets.



e For a function f: A — B, and a set D C A, we use
flp: D — B to denote the function f with domain re-
stricted to the set D.

e A partial function f from a set A to a set B is an assign-
ment to each element a € D C A, called the domain of
definition of f, of a unique element b € B. We say that f
is undefined for elements in A\ D. When D = A, we say
that f is a total function.

Definition 2.1.6. Consider the set U = 24 of all assignments.
The semantic bracket is a function [-]: PL — 2Y defined by:

e [pl={ceclUlpecoy,

o [—o] =[],
o [ — 9] =[] U [¥].

Is [ -] injective, surjective, or bijective?

2.2 Cardinality, Diagonalization Argument

Definition 2.2.1. Let A and B be two sets.

e The sets A and B have the same cardinality if and only if
there is a one-to-one correspondence from A to B. When
A and B have the same cardinality, we write |A| = |B].

e [f there is a one-to-one function from A to B, the cardinal-
ity of A 1s less than or the same as the cardinality of B and
we write |A| < |B|. Moreover, when |A| < |B| and A and
B have different cardinality, we say that the cardinality of
A is less than the cardinality of B and we write |A| < |B].
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Definition 2.2.2. A set that is either finite or has the same
cardinality as the set of positive integers is called countable. A
set that is not countable is called uncountable. When an infinite
set S is countable, we denote the cardinality of S by Ry. We write
S| = Ny and say that S has cardinality aleph null.

Theorem 2.2.3 (SCHRODER-BERNSTEIN THEOREM). If
A and B are sets with |A| < |B| and |B| < |A|, then |A| = |B|.

Lemma 2.2.4. Prove that
1. The union, intersection of countable sets is countable.
The set N? is countable.
The set Z of integer numbers is countable.
The set Q of rational numbers is countable.
The set N¢ with ¢ € N 15 countable.

The countable union of countable sets is countable.
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The set N* is countable.

Lemma 2.2.5. Prove that
L [[0, 3]} = 1(0, 1] = [[0, )| = [(0, 1)].
2. (0, 1]} = |[1, 00)].
3. 110, 1] = 1[0, K| = [[0, 00)| = [R].
4- {0, 13 = [[0, 1]}.
5. 128 = {0, 1}+].

6. 2% =H f1f: N={0,1}}].
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Lemma 2.2.6 (Cantor diagonalization argument).

e The set R of real numbers is uncountable.

o For a set A, it holds: |A| < |24].



