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Chapter 4

Algorithms

4.1 Syntax of an algorithm in pseudo-code

In this part, we consider an extension of the programming lan-
guage WHILE presented in the Exercise sheet 2. Basically, the
grammar is extended with arrays and procedures.

Let A be a finite alphabet, such as the English alphabet, and
consider the following simple programming language PROC,
an extension of WHILE, whose well-formed programs are those
obtained by applying the rules of the following grammar:

Numbers:
Num ::=d | dNum where d € {0,1,...,9}
Identifiers:

Id ::= ald’ where a € A

Id" = X\ ald" | NumId'



Numeric expressions:

FExp ::= Num | Id | Id[Exp] | length(Id) | (Ezp)
| Exp + Exp | Fxp — Exp | Fxp x Exp | Exp/FExp
| Id(Ezxp, ..., Exp)

Boolean expressions:

BEzxp ::= true | false | Exp = Ezp | (BExp)
| Exp < Ezp | Exp < Ezp
| Exp > Ezp | Exp > Ezp
| “BExp | BExp A\ BEzp | BExp V BExp

Procedure declaration

Pr:= procedure [d(Id,..., Id) P
| procedure [d(Id, ..., Id) P; return Exp

Programs:

P ::=skip | Id := Exp | Id[Exp| := Ezxp | P; P
| if BEzp then P else P fi
| while BEzp do P done
| for Id := FExp to Exp do P done
| Id(Exp, ..., Exp)

4.2 Examples of algorithms

Algorithm 4.2.1 (Maximum in a generic array). The following
pseudo-code in PROC returns the maximum value occurring in
the provided array.



procedure max(array)
maxvalue := array|0];
for i :=1 to length(array) — 1 do

if array[i] > maxvalue then @(V‘()
maxvalue := array|i]
else
skip
fi
done;

return maxvalue

Algorithm 4.2.2 (Index of a value in an array). The following
pseudo-code in PROC returns the index of the specified value
if it occurs in the provided array, otherwise length(array) is
returned.

procedure index0f (value, array)
index := length(array);
for i := 0 to length(array) — 1 do
if array[i] = value then O( W\
index :=1
else
skip
fi
done;
return index

Algorithm 4.2.3 (Index of a value in a sorted array). The
following pseudo-code in PROC returns the index of the spec-
ified value if it occurs in the provided sorted array, otherwise
length(array) is returned.



procedure index0fSorted(value, array)
index := length(array); W
low := 0; ‘<
high := length(array) — 1;
while low < high do
middle := (low + high)/2;

if arraymiddle] < value then L“"a )
low := middle + 1 —_
else
high := middle
fi
done;

if array[low| = value then
index := low

else
skip

fi;

return index

Algorithm 4.2.4 (Swap elements in an array). The following
pseudo-code in PROC swaps the elements at index i and j in
the provided array.

procedure swap(array, i, j)
temp := arrayli]; OQ\\

array[i] := array[j];
array|j] := temp

Algorithm 4.2.5 (Bubble sort). The following pseudo-code in
PROC sorts the provided array.



procedure bubbleSort(array)
for i := 0 to length(array) — 1 do
for j :=0 to (length(array) — 1) —i do 1=\ "7}
if array[j] > array|[j + 1] then

swap(array, j,j+ 1)
else

) — wn-)\ |
skip T
ﬁ O( V\1>
done

done

Algorithm 4.2.6 (Gnome sort). The following pseudo-code in
PROC sorts the provided array.

procedure gnomeSort(array) ’_W
=0
while i < length(array) d <
[1f i=0Varray[i—1] < array then O_(_"‘/)
=1+ 1
L
swap(array,i,i — 1);
i=1-1
fi
done é&\’b )
Algorithm 4.2.7 (Insert1on . The following pseudo-code

in PROC sorts the provided array
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procedure insertionSort(array)
for i := 1 to length(array) — 1 do
Jji=1
while j > 0 A array[j — 1] > array[j] do
swap(array, j,j — 1);
ji=j—1
done
done

&medy Algorit hmﬂsJ

Algorithm 4.2.8 (Change Making). The algorithm makes changes

C1>Ce >0 for n cents. 25, ﬁ;“/ﬁg'—
———
procedure procedureChange(cy, ¢a, .. ., ¢y)
for ;:=1tor do
% = 0;
while n > ¢; do n= T:ﬁ
Cfl\i’:: d; + 1 s
ni=n-—c [
done
done

Algorithm 4.2.9 (Earliest Ending Time Job Scheduling). Two
jobs are compatible if they do not overlap. Assumption: sorts

talks with ending times e; < ey < ...e,.
e~ —
procedure schedule(ey, e, ..., e,) K ‘
S\i@v " \fﬂ—)
for i :=1ton do
if talk i is compatible with S then S := S'U {talk i}

done
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Remark: set not defined in PROC )

Definition 4.2.10. The Tableau approach for the satisfiability
problem of propositional logic: a propositional formula is satis-
fiable iff it has a consistent tableau.
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Definition 4.2.11 (Decidability). e A decision problem con-
sists of a set of instances and a subset of yes-instances.
—— e

e The Primality problem: is the instance x a prime number?

e The answer (solution) to any decision problem is just one
bit (true or false).

e A problem () is decidable iff there is an algorithm A, such

that for each mstfa%g@of Q, the computation A(q) stops
~—"" S

with an answer.

o A problem () is semi-decidable iff there is an algorithm A,
such that for each instance q of Q, if q holds, then A(q)
stops with the positive answer; otherwise, A(q) either stops
with the negative answer, or doemp.
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Definition 4.2.12 (The Hﬁcing Problem). It takes as input
a computer program and mp?[t to the program and determmes
whether the program will eventually stop when run with /tllzs in-
put.

e [f the program halts, we have our answer.

o [f it is still running after any fized length of time has e-
lapsed, we do not know whether it will never halt or we just
did not wait long enough for it to terminate.

(b = Lo
@):D HikX) = q’ Y

. WY = b %
Definition 4.2.13 (Undecidability of the Halting Pro lem).

If H(P, P) = “halts,”
P as program thef Toop forever
7 7~ ™| Program Program
Input H D) Output | k(p)

Program P ?’/’ H(P.P) o —~—
P as input g If H(P, P) = “loops forever,”
m~ then halt
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4.3 The Growth of Functions

Definition 4.3.1. Let f and g be functions from the set of in-
tegers or the set of real numbers to the set of real numbers. We

say that{f (x) is O(g(a:))]z’f there are constants C' and k such that
|f(z)| <TTg(x)[ whenever x > k. S C

o)

Definition 4.3.2. Let f and g be functions from the set of in-
tegers or the set of real numbers to the set of real numbers. We
say that f(x) is Q(g(x)) if there are positive constants C' and k
such that | f(x)| ;‘C\g(xﬂ whenever x > k.

Moreover, We say that f(x) is ©(g(x)) if f(x) is O(g(x)) and
Qg()).
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Exercise 4.3.3. Show that: Log w! & \»‘a n' =nlgn

1. Show that log n! is O(nlogn). C =\, K=12
2. Show that n* is not O(n).

3. Suppose that fi(x) is O(g1(x)) and that fo(x) is O(g2(x)).
Then (fy,+ f2)(x) is O(maz(|gi(2)], |g2(2)])). &2 k=)

4. Suppose that fi(x) is O(g%{x)) and fo(x) is O(gcgt(x)) Then
(fif2)(z) 15 O(g1(2)g2(x)). C= Jus G

5. Show that 3z* + 8zlogx is O(z?). G =G0
i

6. Assume a, # 0. Show that >\, a;x" is ©(z").
o ~
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4.4 Complexity of Algorithms

We are interested in the time complexity of the algorithm.

TABLE 1 Commonly Used Terminology for the
Complexity of Algorithms.
Complexity Terminology
O) Constant complexity
O(log n) Logarithmic complexity
) Linear complexity ¢
O(n log n) Linearithmic complg)/q_t}_r_
Onb) Polynomial complexity
"), where b > 1 Exponential comple/}_(Ey’
O(n!) Factorial complexity

Definition 4.4.1. e A problem that is solvable using an algo-
rithm with polynomial worst-case,complexity is called tractable.

Tractable problems are said to belong to class P. s
N—

e Problems for which a solution can be checked in polynomial

: . AR,
time are said to belong to the class Aorrcra b4
s

<" hon—

e The P = NP problem asks whether NP, the class of prob-
lems for which it is possible to check solutions in polynomial
time, equals P, the class of tractable problems.

° NP-comglete problems: It is an NP problem and if a poly-
nomial time algorithm for solving it were known, then P =
NP.



o The satisfiability problem is N P-complete. Cook-Levin
Theorem

A prize of 1,000,000 dollars is offered by the Clay Mathe-
matics Institute for its solution.
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