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Theorem 3.2.10. (GenC) If I' = S¥¢ where a does not occur
in I'U{p}, then I' - Vap. X
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Theorem 3.3.5 (Theorem of Substitution). Suppose that t is
substitutable for x wz’thi% then @ywe [’\3 Avadwed LeluNon over (_f

(£, 0) Il—z'f and only if (S, olz/ I (t)(0)]) IF . = Lyeccice ]

We say that . is a model of ¢, denoted as & I ¢, if (&, 0) IF

@ for each o € X 4.
In particular, we say that .# = (D, Z) is a frugal model of ¢

if D] is not more than the cardinality of the language. fra-ed diljeyen A | it holds
Recall that ¢ is a sentence, if there is no free variable occur- D) < \For|

(Ox/ T (W)=

ring in .
Theorem 3.3.6. If p is a sentence, then
o Z Iy iff (F,0)lF ¢ for some o € Xy.

Definition 3.3.7. Let ¢,y be FOL formulas and I' be a set of
FOL formulas. Then we define:

o (F,0)IET if for eachn e, (F,0)lFn;

o' = ¢ if for each I and 0 € Y4, (F,0) Ik T implies
(., 0) Ik ¢;

e p and v are equivalent if {p} E ¥ and {Y} | ¢;
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e v is valid if O = .

Definition 3.3.8 (Tautology for FOL). For a formula ¢ €
FOF, we construct ¢' as follows:

e for each sub-formula v of ¢ which is either an atomic for-
mula, or a formula of the form VYxn, we replace it with a
corresponding propositional variable py.

If @' is a tautology in propositional logic, then we say ¢ is a
tautology for F OL
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3.4 A Sound and Complete Axiomatization
for FOL without Equality ~

3.4.1 The Axiom System: Soundness

Similarly to propositional logic, for FOL we have the soundness
property:

Theorem 3.4.1. If ' F ¢, then I' = ¢.

Hint. For proving the theorem, show and make use of the fol-
lowing results:

o {Va(p = ¢),Vap} = Vai;
e if x is not free in p, then - ¢ — Vxp. ]
Corollary 3.4.2. IfF ¢, then = ¢. (.(
V74
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3.4.2 The Axiom System: Completeness

A Hintikka set I is a set of FOL formulas fulfilling the following
properties:

1. For each atomic formula ¢ (i.e, ¢ = P(t1,...,t,), where
n > 0), either p ¢ " or ~p ¢ T
Qe .

2. ¢ — 1 € 1" implies that either mp € I' or ¢ € I'.

—— € I' implies that p € I,
P
—(¢ — ¢) € I implies that ¢ € T" and - € T.

ook W

Vze € I' implies that Sfp € I' for each ¢ which is substi-

tutable for x within ¢.
ERal
6. =Vxp € I' implies that there is some t with C(p, x,t) such

that —S7p € I

Note: C(p,z,t) iff C(p,z,y) for all y occurring in t.

Lemma 3.4.3. A Hintikka set I" is consistent, and moreover,
for each formula ¢, either o & I', or —p & T".

% St we A\ Yo Gt A v sNes (."
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Theorem 3.4.4. A Hintikka set I' is satisfiable, i.e, there is

some interpretation & and some o € ¥y such that (,0) - ¢
for each ¢ € T'.

Theorem 3.4.5. If ' is a set of FOL formulas, then ‘T s
consistent” implies that ‘T is satisfiable”.

Particularly, of I' consists only of sentences, then I' has a
frugal model.

Proof. Let us enumerate® the formulas as ¢g, ¢1, ..., ¢, ..., and

subsequently define a series of formula sets as follows. Let I'y =

I', and [Tu @ weren o Y\—f’]‘f
Livi = qTiU{pi} if 1N/ —p; and @; # —Vay

I U {S% =Sy} Af I =gy, and ¢; = =V

=

Above, for each formula Vg, we pick and fix the cori:s)tant a

which does not occur in I'; U {gp\}\
Finally let I'* = lim T;.

12— 00
If I' is consistent, the set I'* is maximal and consistent, and

is referred to as the Henkin set. Thus, a Henkin set is also a
Hintikka set.
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'We assume the language to be countable, yet the result can be extended to languages
with arbitrary cardinality. 1\\)) ( o, 'tl‘ N 1“) -\ }‘ﬁﬂ P(‘h . tv\) é Y*
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Theorem 3.4.6. IfT' = ¢, then T'F . \\

Corollary 3.4.7. If = ¢, then - ¢.

Theorem 3.4.8. T" is consistent iff each of its finite subset s

consistent. Moreover, I' is satisfiable iff each of its finite s
15 satisfiable.
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3.5 A Sound and Complete Axiomatization
for FOL Equality ~
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